In this paper a three-parameter weighted Lindley distribution, including Lindley distribution introduced by Lindley (1958), a two-parameter gamma distribution, a two-parameter weighted Lindley distribution introduced by Ghitany et al. (2011) and exponential distribution as special cases, has been suggested for modelling lifetime data from engineering and biomedical sciences. The structural properties of the distribution including moments, coefficient of variation, skewness, kurtosis and index of dispersion have been derived and discussed. The reliability properties, including hazard rate function and mean residual life function, have been discussed. The estimation of its parameters has been discussed using the maximum likelihood method and the applications of the distribution have been explained through some survival time data of a group of patients suffering from head and neck cancer, and the fit has been compared with a one-parameter Lindley distribution and a two-parameter weighted Lindley distribution.
Introduction
The probability density function (p.d.f.) of the two-parameter weighted Lindley distribution (WLD), introduced by Ghitany et al. (2011) with parameters and , is given by is the upper incomplete gamma function. It can be easily shown that at 1 , WLD (1.1) reduces to Lindley (1958) distribution having p.d.f. Ghitany et al. (2008) have conducted a detailed study about various properties of Lindley distribution including skewness, kurtosis, hazard rate function, mean residual life function, stochastic ordering, stress-strength reliability, among other things; estimation of its parameter and application to model waiting time data in a bank. Mishra (2013 a, 2013 b) , Shanker and Amanuel (2013) , and have obtained different forms of the two-parameter Lindley distribution and discussed their various properties including skewness, kurtosis, index of dispersion, hazard rate function, mean residual life function, stochastic ordering, mean deviation, stress-strength reliability; estimation of parameters and their applications to model waiting and survival times data. Sankaran (1970) has obtained discrete Poisson-Lindley distribution by mixing Poisson distribution with Lindley (1958) distribution and studied its properties based on moments, estimation of parameters and applications to model count data from biological sciences. Shanker et al. (2015) have discussed a comparative study of Lindley and exponential distributions for modelling various lifetime data sets from biomedical science and engineering, and concluded that there are lifetime data where exponential distribution gives better fit than Lindley distribution and in majority of data sets Lindley distribution gives better fit than exponential distribution. Ghitany et al. (2011) have discussed the structural properties of WLD including the nature of its p.d.f., hazard rate function, mean residual life function and applications to survival data using maximum likelihood estimation. It has been shown by Ghitany et al. (2011) that the shapes of hazard rate function and mean residual life function are decreasing, increasing and bathtub and thus has the potential to model survival time data of different nature. Shanker et al. (2016) have discussed some of its important statistical and mathematical properties including central moments, coefficient of variation, skewness, kurtosis, index of dispersion, stochastic ordering and the applications to modelling lifetime data from engineering and biomedical sciences.
In the present paper, a three-parameter weighted Lindley distribution, which includes Lindley (1958) distribution, WLD introduced by Ghitany et al. (2011) , two-parameter gamma distribution and exponential distribution as particular cases, has been proposed and discussed. Its moments about origin and central moments, coefficient of variation, skewness, kurtosis and index of dispersion have been derived. The hazard rate function and the mean residual life function of the distribution have been derived and their shapes have been discussed for varying values of the parameters. The estimation of its parameters has been discussed using maximum likelihood method. Finally, the goodness of fit and the applications of the distribution have been explained through some survival data and the fit has been compared with a one-parameter Lindley distribution and the two-parameter WLD.
A three-parameter weighted Lindley distribution
A three-parameter weighted Lindley distribution (TPWLD) having parameters , , and can be defined by the probability density function
x e x (2.1) where and are shape parameters and is a scale parameter.
It can be easily verified that the Lindley distribution introduced by Lindley (1958) and the two-parameter WLD introduced by Ghitany et al. (2011) 
Moments and related measures
Using the mixture representation (2.2), the r th moment about origin of TPWLD (2.1) can be obtained as It can be easily verified that these raw moments reduce to the corresponding raw moments of a two-parameter gamma distribution for . 
Stochastic ordering
The stochastic ordering of positive continuous random variables is an important tool for judging their comparative behaviour. A continuous random variable X is said to be smaller than a continuous random variable in the
The following stochastic ordering relationships due to Shaked and Shanthikumar (1994) 
Applications and goodness of fit
In this section, the applications and goodness of fit of TPWLD has been discussed for several lifetime data and the fit is compared with a one-parameter Lindley distribution and a two-parameter WLD. In order to compare TPWLD, WLD and Lindley distribution, 2 ln L , AIC (Akaike information criterion), K-S Statistic ( Kolmogorov-Smirnov Statistic) and p-value for two data sets have been computed and presented in Table 1 The goodness of fit of TPWLD, WLD, and Lindley distribution for data set 1 and 2 are based on maximum likelihood estimates (MLE). The data sets 1 and 2 are survival times of a group of patients suffering from head and neck cancer.
Data Set 1:
The data set reported by Efron (1988) It is obvious from the goodness of fit in the above table that TPWLD gives much closer fit than the two-parameter WLD and the one-parameter Lindley distribution, and hence it can be considered as an important tool for modelling survival time data over these distributions.
The fitted plots of TPWLD, WLD and Lindley distribution for data set 1 and 2 are shown in the following Figure 4 . 
Concluding remarks
A three-parameter weighted Lindley distribution (TPWLD), which includes two-parameter WLD and Lindley distribution as special cases, has been introduced. Its moments and moments-based expressions, including the coefficient of variation, skewness, kurtosis, and index of dispersion, have been derived and studied. The hazard rate function and the mean residual life function have been obtained and discussed. MLE has been used to estimate the parameters of the distribution. Goodness of fit of TPWLD has been discussed with some survival time data of a group of patients suffering from head and neck cancer and the fit shows a quite satisfactory fit over one-parameter Lindley distribution and two-parameter WLD.
